Abstract. We examine conditions under which there exists a non-constant family of Galois branched covers of curves over an algebraically closed field k of fixed degree and fixed ramification locus, under a notion of equivalence derived from considering linear series on a fixed smooth proper source curve X. We show such a family exists precisely when the following conditions are satisfied: char(k) = p > 0, X is isomorphic to P 1 k , there is a unique ramification point, and the Galois group is (Z/pZ) m for some integer m > 0.
Introduction
This paper concerns the problem of determining the existence of a non-constant family of branched covers of curves, after prescribing some attributes of the covers. Let k be an algebraically closed field. To avoid awkward phrasing, in this section always assume that families are over a connected base scheme. When considering covers of a fixed target curve Y , one generally considers two covers f i : X i → Y equivalent if there is a commutative diagram:
⑥ ⑥ ⑥ ⑥ ⑥ ⑥ ⑥ Y In this situation, if one specifies that the branch locus be contained in a finite set of closed points S ⊆ Y , properties of theétale fundamental group πé t 1 (Y \ S) can be used to establish results concerning families of covers with branch locus contained in S. For instance, if char(k) = 0, then πé t 1 (Y \ S) is finitely generated by Riemann's Existence Theorem. This implies that there is no non-constant family of branched covers with target Y of fixed degree and branch locus contained in S. Furthermore, by [Gro71, Exposé XIII Corollaire 2.12] the tameétale fundamental group of Y \ S is finitely generated. Thus, if char(k) > 0, there is no non-constant family of tamely ramified branched covers with target Y of fixed degree and branch locus contained in S.
If instead we begin from the perspective of linear series, or finite index subfields of the function field of a fixed curve, we obtain a different notion of equivalence, as we now explain. Fix a smooth proper curve X over k. A linear series on X is a linear subspace V ⊆ H 0 (X, L) where L is a line bundle on X. Two sections s 1 and s 2 of a line bundle that have no common zeroes determine a map X → P 1 k , taking P ∈ X to (s 1 (P ) : s 2 (P )). Conversely, a map to P Hence, in studying a linear series V , it is natural to investigate planes inside V . One can easily see that choosing a different basis for the plane corresponds to postcomposing the map determined by s 1 and s 2 with a fractional linear transformation (i.e. an automorphism of the target space, P 1 k ). Therefore, planes inside a linear series correspond to maps X → P 1 up to post-composition with fractional linear transformations.
Motivated by this discussion, we will henceforth consider two branched covers f i : X → Y i to be equivalent if there is a commutative diagram:
This notion of equivalence is referred to as the linear series perspective in [Oss05] . Lemma 4.2 below explains the correspondence between branched covers with source X under this equivalence and subfields of κ(X).
In contrast with the situation of covers of a fixed base, we are fixing the source and allowing the target to vary. Therefore instead of fixing the branch locus, we consider covers with a fixed ramification locus on the source. In analogy with the situation of covers of a fixed target curve, one is led to consider the following: Question 1.1. Let X be a smooth proper curve over an algebraically closed field k and S a finite set of closed points of X. Under what conditions does there exist a non-constant family of maps with source X of fixed degree and ramification locus S?
Based upon the results concerning covers of a fixed target curve, one would expect no such tame families to exist. However, as noted by Brian Osserman, the following example illustrates that this is not the case: Example 1.2. ([Oss06, Example 5.6]) Consider the family of maps P 1 k → P 1 k with k a field of characteristic p > 2 given by y = x p+2 + tx p + x with parameter t. For every value of t, the map is tamely ramified at ∞ and the (p + 1) st roots of −1/2 and isétale elsewhere. When fixing the source P 1 k , no distinct values of t produce maps which are equivalent after an isomorphism of the target P 1 k (the linear series perspective sense of equivalence which we are considering).
To summarize, in the notion of equivalence arising from considering branched covers of a fixed target curve, no non-constant families of tame covers with fixed degree and branch locus exist. However, when using the equivalence arising from considering linear series on a fixed source curve, non-constant families of tame covers of fixed degree and ramification locus can exist, such as the non-Galois family from Example 1.2. When such families exist is an open problem. In the case of Galois covers, we show that non-constant families must be wild in Corollary 4.9. Moreover, Theorem 4.7 provides the precise conditions under which such a family can exist. The restrictiveness of these conditions shows that Galois families are rarer under this sense of equivalence than the usual one.
Structure of the paper:
In Section 2, we define a family for branched covers under the above notion of equivalence. The main result of this section is Theorem 2.2, which allows us to translate statements concerning the number of equivalence classes to statements about the existence of families. Section 3 provides a survey of results in the situation where the covers are not assumed to be Galois. We restrict our attention to covers which are Galois in Section 4. Equivalence classes of such covers with source X are shown to correspond to certain group actions on X. By examining such group actions, we prove the main result of this paper, Theorem 4.7. This theorem completely answers Question 1.1 in the case where the covers are required to be Galois.
Terminology and Notation:
For any integral scheme X, κ(X) will denote the function field of X. In this paper we consider smooth connected curves over an algebraically closed field k. A morphism f : X → Y of such curves is a branched cover if it is finite and genericallyétale. We will occasionally use the term map as shorthand for a branched cover. A branched cover f : X → Y is Galois if Aut(X/Y ), the group of k-automorphisms of X commuting with f , has cardinality equal to the degree of f . Equivalently,
The content of this paper is adapted from a portion of the author's PhD thesis at the University of Pennsylvania, under the direction of David Harbater.
Families
In formulating the definition of a family, the essential point we wish to capture is that in our notion of equivalence the source X is fixed but the target is allowed to vary.
Definition 2.1. Let k be an algebraically closed field, X a smooth proper curve over k, and S a k-scheme. A family of degree d maps with source X over S is an S-morphism f : X S → Y where Y is a flat S-scheme and the geometric fibers of f are degree d morphisms between smooth proper curves. A family is constant if the fibers over all k-points of S are equivalent.
Previous results in the literature, as well as our method of proof for Theorem 4.7, show that there are finitely many maps satisfying a set of conditions. Therefore we need a result to translate between statements concerning the number of equivalence classes of maps and statements about families: First, we will prove Theorem 2.2 for Y = Y S and then reduce the general case to this case. In this restricted case, we will make use of the following: Proof. By [Oss06, Theorem A.1], the functor H d (X, Y ) sending a k-scheme S to {S-morphisms X S → Y S of degree d} is representable by a quasi-projective scheme
By [Oss06, Theorem A.6] there is a free action of the group scheme Aut(Y ) on H d (X, Y ) where ϕ ∈ Aut(Y ) acts on the point corresponding to a map f : X → Y by sending it to the point corresponding to ϕ • f : X → Y . The freeness of the Aut(Y )-action implies that each orbit has the same dimension. By Lemma 2.3, each orbit is then closed. Since the maps over k-points of S lie in finitely many equivalence classes, ϕ f (S) is contained in finitely many Aut(Y )-orbits. Since S is connected, ϕ f (S) is connected as well, and must then be contained in a single Aut(Y )-orbit. In other words, all the maps over k-points of S lie in a single equivalence class, so the family is constant.
Using the moduli stack of genus g curves, we can reduce the general case to the situation of Proposition 2.4:
Proof of Theorem 2.2. Let π : Y → S be the S-structure morphism. Since X is a proper curve and f is finite, π −1 (s) is also a proper curve for every k-point s ∈ S. Since π is flat, the arithmetic genus of the fibers is constant and by Definition 2.1 the fibers are smooth. Therefore π induces a map ϕ π : S → M g to the coarse moduli space of genus g curves over k. Since S is connected and ϕ π (S) contains finitely many k-points by hypothesis, ϕ π (S) contains a single k-point. In other words, every π −1 (s) is isomorphic. Let Y denote this curve. We claim that after someétale pullback Y becomes trivial. That is, there exists anétale covering ψ : S ′ → S such that the following commutes
To prove this claim, let M g denote the moduli stack of genus g curves over k. Since Y has constant fiber corresponding to a k-point of M g and S is a variety, the maps it induces from S to M g and M g factor as in the commutative diagram
is a gerbe, every two objects over S are locally isomorphic in theétale topology. That is, there is anétale covering ψ : S ′ → S over which there is an isomorphism
Hence, after anétale base change we have a family ξ • (f × ψ) : X S ′ → Y S ′ , which concludes the proof of the claim.
Denote
′ is equivalent to the fiber of f above s. Thus, since there are finitely many equivalence classes of fibers of f , the same is true for g. Therefore by Proposition 2.4, each connected component of S ′ has only one equivalence class of fiber lying over its k-points. Sinceétale morphisms are open by [Gro64, Proposition 2.4.6] and S is connected, it is straightforward to verify that this implies the same holds for S.
Remark 2.5. Whenever we say having a finite number of equivalence classes of fibers over a connected base implies that there are no non-constant families, it will be by Theorem 2.2. Furthermore, when stating that there are no non-constant families it will be implicit that we are restricting to families over a connected base.
Summary of results in the non-Galois case
Various results from the literature presented in this section state that there are finitely many equivalence classes of maps satisfying certain properties. Using Theorem 2.2 we can translate these results into statements about the non-existence of a non-constant family.
3.1. Source of genus 0. When k is the complex numbers, Question 1.1 can be answered using a theorem of Eisenbud and Harris when X is the projective line: This is proven within the framework of Schubert calculus. More specifically, by the discussion in Section 1, equivalence classes of degree d maps correspond to points on the Grassmannian Gr(2, H 0 (O(d)). In [EH83] , each ramification condition is translated as the plane lying on a certain Schubert variety. The intersection of these Schubert varieties is shown to be transverse and having expected dimension zero, thus establishing the finiteness result.
The following result applies the methods of Theorem 3.1 in positive characteristic. The restriction that the degree of the map is smaller than the characteristic of the field is necessary because the existence of inseparable maps in Gr(2, H 0 (O(d)) may cause the intersection of the Schubert varieties corresponding to imposing ramification conditions not to be transverse. In light of Theorem 3.2, any non-constant family of maps with source P 1 k of fixed degree and ramification locus must have degree at least as large as the characteristic of the field. Indeed, this is the case in Example 1.2.
3.2. Target of higher genus. In [dF13] , de Franchis proved a strong statement concerning the number of maps from a fixed curve X to all curves of genus greater than one. In modern language it can be formulated as follows: Since the target curve has genus at least two, Aut(Y ) is finite. Therefore one can rephrase Theorem 3.3 as stating that there are finitely many non-constant maps f : X → Y , where the target curve Y varies over a set of representatives for the isomorphism classes of curves of genus at least two.
Using Lemma 4.2 below, we can translate [Kan86, Theorem 4] which concerns subfields of κ(X) into a statement concerning equivalence classes of branched covers. This reformulation, along with the fact that there are finitely many equivalence classes of isogenies from a fixed elliptic curve E of bounded degree, yields the following:
Theorem 3.4. Let X be a smooth proper curve over an algebraically closed field k and d ∈ N. The number of equivalence classes of degree d maps from X to genus one curves is finite.
The case of Galois covers
For the remainder of this paper, we shall restrict our attention to Galois covers. The culminating result of this section is Theorem 4.7, which answers the following:
Question 4.1. Let X be a smooth proper curve over an algebraically closed field k, S a finite set of closed points of X, and G a finite group. Under what conditions does there exist a non-constant family of G-Galois maps with source X, of fixed degree and ramification locus S?
The first step of the proof of Theorem 4.7 is establishing a correspondence between equivalence classes of G-Galois branched covers with source X and G-actions on X. This is accomplished in Section 4.1. In that section it is also shown that the stabilized points of the G-action (see Definition 4.5 below) are exactly the ramification points of the induced G-Galois branched cover.
With this, fixing the ramification locus S as above, we are reduced to analyzing G-actions on X with stabilized locus S. After this reduction, Question 4.1 can be answered almost immediately for the case when X has genus greater than one. Two essentially disjoint proofs are given for the genus zero and genus one cases.
4.1. Correspondence between group actions and classes of covers. We first establish a correspondence between equivalence classes of branched covers with source X and subfields of κ(X), which applies even without imposing the Galois condition: Proof. Suppose Y 1 and Y 2 are also smooth proper curves and the branched covers f i : X → Y i are equivalent. That is, there is a commutative diagram:
By the equivalence of categories between smooth proper curves over k and fields of transcendence degree one over k, this yields a commutative diagram of fields:
as subfields of κ(X). The index of the subfield is equal to the degree of f i . This shows that the mapping to subfields is well-defined on equivalence classes of covers. Given a finite index subfield L ⊆ κ(X), L is also a field of transcendence degree one over k. Let Y be a smooth proper curve over k with function field L, which is unique up to isomorphism, and X → Y the branched cover corresponding to κ(X)/L. The uniqueness up to isomorphism of Y is precisely the notion of equivalence we are considering. Therefore, this subfield gives a well-defined equivalence class of branched cover. These two operations are clearly inverse to each other, establishing the desired correspondence.
To begin speaking of G-Galois covers, we introduce the definition of a group action on X: Definition 4.3. Let X be a smooth proper curve over an algebraically closed field k and G a finite group. A group action on X is a choice of a finite subgroup of Aut(X). A G-action on X is a choice of a subgroup H ⊆ Aut(X) which is isomorphic to G. The choice of such an H corresponds to an equivalence class of injective group homomorphisms i : G → Aut(X), where two injections are considered equivalent if their images are the same. To answer Question 4.1, we must also reformulate ramification of G-Galois branched covers into a statement about G-actions on X. To accomplish this, we define the following: Definition 4.5. A closed point P on X is a stabilized point of a G-action if its stabilizer under the G-action is non-trivial. The set of stabilized points of a Gaction is its stabilized locus. A G-action is stabilized point free if its stabilized locus is empty. Using Lemma 4.2 and the above definitions, we establish the following correspondence between group actions and equivalence classes of covers: Theorem 4.6. Fix a smooth proper curve X over an algebraically closed field k and a finite group G. There is a correspondence between equivalence classes of G-Galois branched covers with source X and G-actions on X. Under this correspondence, the ramification points of the cover are the stabilized points of the action.
Proof. We first establish the correspondence. Fix a G-action on X. This action induces a G-action on κ(X). By taking the G-invariants, we obtain a G-Galois field extension κ(X)/κ(X) G . By Lemma 4.2, this field extension corresponds to an equivalence class of G-Galois branched covers.
If H, H ′ ⊆ Aut(X) are distinct G-actions, by Galois correspondence the invariant subfields of the actions on κ(X) will be distinct. Therefore by Lemma 4.2, these actions correspond to distinct equivalence classes of branched covers. These two operations are inverse to each other, establishing the desired correspondence.
Finally, since X is defined over an algebraically closed field, extensions of residue fields are trivial. Thus, a point of X being a stabilized point is equivalent to the point being a ramification point.
4.2. Statement of the Theorem. By Section 4.1, we reduce to studying the Gactions on X which have as stabilized points a prescribed finite set of points. We will pursue this program to prove the following: Remark 4.8. Even without imposing the Galois condition or restricting the ramification points, Theorem 3.3 and Theorem 3.4 show that X has finitely many equivalence classes of maps of fixed degree to curves which are not P 1 k . Hence, the new content of Theorem 4.7 is resolving the case where the target curve is P This follows since the conditions of Theorem 4.7 require G to have an element of order p and be acting on P 1 k . By Lemma 4.18 below, every automorphism of P 1 k has at least one stabilized point. Hence, such a cover is wildly ramified.
As mentioned in the introduction, Theorem 4.7 will be proven in three cases: when the genus of X is zero, one, or greater than one. The genus greater than one case is resolved by the following:
Remark 4.10. Let X be a smooth proper curve of genus greater than one. Then the automorphism group of X is finite and so there are only finitely many subgroups of Aut(X). Therefore, by Theorem 4.6, there are only finitely many equivalence classes of Galois branched covers with source X, even without specifying the ramification points or the group. 4.3. Genus 1 case. For the entirety of this section, fix a smooth proper genus 1 curve X over an algebraically closed field k and a finite group G. Since X is defined over an algebraically closed field, we may fix a k-rational base point 0 to consider X as an elliptic curve. Recall that Aut(X) ∼ = T X ⋊ Aut 0 (X), where T X consists of the translations of X by closed points and Aut 0 (X) is the finite group of automorphisms of X fixing the base point 0. We will denote the identity element of Aut 0 (X) by 1.
First, we specify using the above isomorphism which automorphisms have fixed points and which are fixed point free:
Lemma 4.11. Fix ϕ ∈ Aut(X). Using the isomorphism Aut(X) ∼ = T X ⋊ Aut 0 (X), write ϕ = (P, σ) where P is a closed point of X and σ ∈ Aut 0 (X). Then ϕ is fixed point free precisely when σ = 1 and P = 0.
Proof. Let ϕ = (P, σ) be an arbitrary automorphism of X. Since ϕ(Q) = σ(Q)+ P , the fixed points of ϕ are the points Q such that (1 − σ)(Q) = P . If σ = 1, then (1 − σ) is a surjective group homomorphism with kernel K of cardinality equal to the degree of the map (1 − σ) (ϕ being an automorphism implies that (1 − σ) is separable). Therefore we have a short exact sequence:
The |K| preimages of P are precisely the fixed points of ϕ. Therefore, σ = 1 implies that ϕ is not fixed point free.
Now suppose σ = 1. Since the fixed points of ϕ are the points Q such that (1 − σ)(Q) = P , ϕ has fixed points if and only if P = 0, in which case ϕ is the identity.
We now show that there are finitely many stabilized point free G-actions on X:
Lemma 4.12. Let G be a finite group. There are only finitely many equivalence classes of unramified G-Galois covers with source X. Stated another way, there are only finitely many G-actions on X which are stabilized point free.
Proof. Let H ⊆ Aut(X) be a stabilized point free G-action. By Lemma 4.11, each non-identity element of H must be of the form (P, 1) where P = 0. Let n = |G|. Since (P, 1) ∈ H, it must be the case that P is an n-torsion point of X. There are only finitely many such P , and so there are finitely many possible such H.
Next, we analyze automorphisms of X with fixed points contained in a specified set:
Lemma 4.13. Let S be a finite nonempty set of closed points of X. There are only finitely many ϕ ∈ Aut(X) which have non-trivial fixed locus contained in S.
Proof. Fix Q ∈ S. Since any ϕ with non-trivial fixed locus contained in S must fix at least one point in S, it suffices to show that there are only finitely many automorphisms of X which fix Q. Suppose ϕ ∈ Aut(X) is one such automorphism, and that it is not the identity. By Lemma 4.11, ϕ is of the form (P, σ) where σ = 1. Since (1 − σ) is a surjective group homomorphism, we have a short exact sequence:
where K is the kernel of (1 − σ). As in the proof of Lemma 4.11, the fixed points of ϕ are precisely the points in the preimage of P under (1 − σ). Therefore P is the unique point for which Q is a fixed point of an automorphism of the form (R, σ).
Since there are finitely many σ ∈ Aut 0 (X), Q is a fixed point for only finitely many ϕ ∈ Aut(X).
Using Lemma 4.13, we can prove a strengthening of Theorem 4.7 for ramified covers in the genus 1 case:
Lemma 4.14. Let S be a finite set of closed points of X. There exist only finitely many group actions on X with nonempty stabilized locus contained in S.
Proof. Fix one such group action. Since the action has nonempty stabilized locus, let ϕ be a non-identity element of the group action which has a fixed point. By Lemma 4.13, there are only finitely many automorphisms with non-trivial stabilized locus contained in S. It therefore suffices to show that only finitely many fixed point free automorphisms of X can occur in the same group action as ϕ.
Since ϕ is not the identity and has fixed points, by Lemma 4.11 it is of the form (P, σ) where σ = 1. Let ψ be a fixed point free automorphism of X. Again by Lemma 4.11, ψ is of the form (Q, 1) where Q = 0. If ϕ and ψ occur in the same group action, so does ψ • ϕ = (P + Q, σ). Since σ = 1, (1 − σ) is a surjective group homomorphism and so it induces a short exact sequence:
where K is the kernel of (1 − σ). The fixed points of ψ • ϕ = (P + Q, σ) are the preimages of P + Q under (1 − σ). However, S is finite so there are only finitely many Q for which the preimage of P + Q is contained in S. This implies that only finitely many ψ can occur in the same group action as ϕ if the stabilized locus is contained in S.
Remark 4.15. Since X is an elliptic curve, the induced cover being ramified is equivalent by the Riemann-Hurwitz formula to the target space being the projective line. Hence, another way to state Lemma 4.14 is that there are only finitely many equivalence classes of Galois branched covers from a fixed elliptic curve X to P 1 k after fixing the ramification locus.
The genus 1 case of Theorem 4.7 follows as a corollary of Lemma 4.14 and Lemma 4.12:
Corollary 4.16. Let X be a smooth proper genus 1 curve over an algebraically closed field k, S a finite set of closed points of X, and G a finite group. There exist only finitely many equivalence classes of G-Galois branched covers with ramification locus contained in S.
4.4. Genus 0 case. For the entirety of this section we will assume X = P 1 k , where k is an algebraically closed field of characteristic p. When p = 0, the statements concerning the case where p is the order of an element or divides the order of a group are vacuous.
Fix a finite group G and a finite set S of closed points of P 1 k . To recall, we shall study the subgroups of Aut(P 1 k ) isomorphic to G with stabilized locus S. In doing so, we will make use of the following observation:
Remark 4.17. Let k be an algebraically closed field. Then Aut k (P 1 ) ∼ = PGL 2 (k). We shall fix the isomorphism between these two groups sending a fractional linear transformation ϕ = (ax + b)/(cx + d) to the equivalence class of
Under this isomorphism, ϕ acting on a point with projective coordinates [x : y] corresponds to M (ϕ) acting on the column vector [x y].
Throughout this section, we will use the following fact:
Lemma 4.18. Let ϕ ∈ Aut(P 1 k ) have finite order and not be the identity automorphism. Then ϕ has exactly one or two fixed points, and has exactly one fixed point when ϕ has order p.
Proof. Using the isomorphism with PGL 2 (k), the fixed points of ϕ correspond to eigenvectors of M (ϕ) up to scaling. Since k is algebraically closed, M (ϕ) is conjugate to a matrix of one of the following forms:
The automorphisms of P 1 k corresponding to conjugate matrices have the same number of fixed points, so it suffices to consider matrices of the above form. The first matrix has [1 0] and [0 1] as eigenvectors, and hence 0 and ∞ as fixed points. For the second matrix, up to scaling [0 1] is the only eigenvector, and hence the only fixed point is ∞. One can easily check since char(k) = p that the order of the first matrix in PGL 2 (k) is prime to p while the order of the second matrix is p (or has infinite order if p = 0).
We will divide the proof of Theorem 4.7 into two cases: when p does not divide |G| and when it does. In [Fab12] , Faber refers to the former as p-regular groups and the latter as p-irregular groups. The p-regular groups also occur as subgroups of PGL 2 (C) ([Fab12, Theorem C])), but when p > 0 there are p-irregular subgroups of PGL 2 (k) which do not occur as subgroups of PGL 2 (C) ([Fab12, Theorem 6.1]).
To simplify the statement of theorems and proofs for the remainder of this section, we introduce the following notation:
Notation 4.19. For a field k, µ n (k) will denote the nth roots of unity in k × . A primitive nth root of unity in k × will be denoted by ζ n .
In the p-regular case we will make use of the following classification of subgroups up to conjugacy: The main utility in the statement of Theorem 4.20 is that it classifies groups up to conjugacy rather than isomorphism. Since we are interested in specific occurrences of G as a subgroup of PGL 2 (k), this additional information greatly simplifies the proof of the following: Proof. Let G be a p-regular group. Since G is p-regular, every subgroup corresponding to a G-action must be conjugate to one of the five groups listed in Theorem 4.20. It therefore suffices to show that there are finitely many groups conjugate to each of the listed groups with the same stabilized locus. One can check directly that every group but the cyclic group in (1) has at least three stabilized points. Since an element in Aut(P 1 k ) is determined by the image of three points, only finitely many elements can act as a permutation on S when |S| ≥ 3. This implies except in case (1) that there are finitely many conjugate groups with the same stabilized points.
We are left to consider the cyclic group in (1). The stabilized points of this group are 0 and ∞. The matrices which act as a permutation on the set {0, ∞} are of the form α 0 0 1 or 0 1 β 0 where α, β ∈ k × . However, conjugating by a matrix of either form merely acts as an automorphism of the group, so µ n (k) 0 0 1 has no conjugate subgroups with the same stabilized points.
In the p-irregular case we will make use of the following analog of Theorem 4.20: 
(3) The group 1 Γ 0 1 ⋊ µ n (k) 0 0 1 . Here n ∈ N is prime to p and Γ is an
Two such subgroups of PGL 2 (k) of the same order are conjugate if and only if
Here n ∈ N is odd and greater than one. This group is isomorphic to the dihedral group of order 2n.
(5) If p = 3, the group generated by ζ 5 0 0 1 and
Again the classification of subgroups up to conjugacy greatly simplifies the proof of the following theorem: Proof. Let G be a p-irregular group. Since G is p-irregular, every group corresponding to a G-action must be conjugate to one of the five groups listed in Theorem 4.22. As in the proof of Theorem 4.21, if |S| ≥ 3, there will be only finitely many Gactions with stabilized locus S.
One can check immediately that the A 5 group from (5) and the dihedral group from (4) have at least three stabilized points.
To see that PSL 2 (F p n ) and PGL 2 (F p n ) have at least three stabilized points, note that irrespective of the field, both groups contain the matrices 1 0 1 1 , 1 1 0 1 , and 0 1 −1 0 . The first fixes 0, the second ∞, and the third the square roots of -1. This yields three stabilized points in characteristic 2 and four in higher characteristics. Therefore we have only case (3) left to consider. First, consider the case where n > 1. Then any subgroup of PGL 2 (k) isomorphic to G is conjugate to a group of the form 1 Γ 0 1 ⋊ µ n (k) 0 0 1 where µ n (k) ⊆ Γ and µ n (k) · Γ ⊆ Γ. An element of the form ζ n 0 0 1 has 0 and ∞ as fixed points. An element of the form ζ n g 0 1 for g nonzero has g 1−ζn = 0 as a fixed point. Since there are at least three stabilized points, in this case there are finitely many G-actions with stabilized locus S as well.
Finally, suppose n = 1. Then G is conjugate to a group of the form 1 Γ 0 1 such that F p ⊆ Γ and Γ is a rank m additive subgroup of k. Note that in this case
m . The unique stabilized point of such a group is ∞. Since α β 0 1 where α, β ∈ k and α = 0 are precisely the matrices which fix ∞, every subgroup of PGL 2 (k) isomorphic to G and with stabilized point ∞ is a conjugate of 
